We study the first eigenvalue of the Laplace equation in a bounded domain in
Introduction
The first eigenvalue λ 1 (ε) of the Laplace equation in a bounded domain , with mixed Neumann-Dirichlet boundary conditions, decreases to zero as the Dirichlet part of the boundary, ∂ a , shrinks and disappears. The reciprocal of the first eigenvalue in this limit is asymptotically the mean first passage time (MFPT) of Brownian motion to ∂ a , if its trajectories are reflected at ∂ r = ∂ − ∂ a . This problem has been studied in various geometries, mostly under the assumption that ∂ a consists of well-separated circular windows (for d = 3) or arcs (for d = 2), analytically in [1] [2] [3] [4] [5] [6] [7] [8] and numerically in [9] for a sphere in R 3 . It was shown that for the case of a single Dirichlet circular window of radius a (in three dimensions, |∂ a | = πa 2 ) and a single Dirichlet arc (in two dimensions) the MFPT (the reciprocal of the first eigenvalue) is given by 
whereτ ε i is given by the single-window result (1) with ∂ a = A i .
In this paper, we study analytically the mixed problem for a Dirichlet boundary ∂ a that consists of a collection of small windows embedded in an otherwise Neumann boundary ∂ r of a regular bounded domain . Equivalently, we study the MFPT of Brownian motion to ∂ a . In particular, we show that when the small Dirichlet windows form a cluster, the MFPT to one is influenced by the others, which is not the case for well-separated windows. We generalize the method of [5] [6] [7] [8] , which consists in deriving and solving Helmholtz's integral equation on the boundary, to the case of several separated or clustered windows. The method of [1] [2] [3] [4] applies in a straightforward manner to the case of well-separated windows, where the leading order boundary layer problem is that of the electrified disk, and was solved explicitly by Weber in 1873 [10, 11] , but for clustered windows the leading order boundary layer problem is that of two, or more electrified disks. The asymptotic solution of the Helmholtz integral equation circumvents this difficulty and reveals the nonlinear interaction between the clustered windows. We find the explicit dependence of the MFPT on the distance between the windows and demonstrate that the result (1) is recovered as the windows drift apart and a new result is obtained as the windows touch (for d = 3) or merge (for d = 2). Specifically, for d = 2 and a regular domain with two Dirichlet arcs of lengths 2ε and 2δ (normalized by the perimeter |∂ |) and separated by the Euclidean distance = ε + + δ between their centers, and for two Dirichlet circular windows of small radii a and b, separated by the Euclidean distance = a + + b between their centers (see figure 1) , we obtain
as a, b, ε, δ, → 0. Herer =r( , ε, δ) is a function of , ε, δ that varies monotonically betweenr(0, 0, 0) ≈ 0.6 andr( , 0, 0) → 1 as → ∞. Equation (3) reduces to the single-window result (1) as δ → 0 or b → 0. As the windows drift apart and ε, δ, a, b the expression (3) gives (3) is a new result. It shows the nonlinear effect of clustering, which becomes more pronounced as the number of absorbing windows is large (see section 3). The term O(1), which is due to the regular part of the Green-Neumann, expresses geometric properties of the absorbing boundary. Its analytical approximation seems much harder, but it can be estimated from numerical simulations of Brownian motion (see figures 3 and 4) .
The mixed problem with a small Dirichlet cluster has many applications in cellular biology [12] , because the MFPT to a Dirichlet cluster is the mean time for a diffusing messenger to hit a cluster of small targets. For example, this may be the mean time until a neurotransmitter, released into the synaptic cleft, binds to a receptor in a cluster on the boundary of a microdomain (the postsynaptic density [13] ). Another example of clustered Dirichlet boundary is the clustering of transporters at the periphery of synapses and exchangers at dendrites [14] . Also, the asymptotic evaluation of the first eigenvalue is the first step toward the homogenization of the mixed problem for the diffusion equation with complicated reactive boundaries, which will be done separately.
Interaction between two small holes

Derivation of the Helmholtz integral equation
We consider Brownian motion in a bounded domain
, whose boundary ∂ is reflecting, except for two small absorbing {circular windows, A ⊂ ∂ and B ⊂ ∂ , centered at 0 A ∈ ∂ and 0 B ∈ ∂ , of sizes (|A|/|∂ |) 1/(d−1) = ε and (|B|/|∂ |) 1/(d−1) = δ, which are the radii of A and B, respectively, if the domain is normalized so that ∂ = π . In contrast to the case of a single absorbing window, the mean time to absorption (MTA) does not diverge to infinity as the size of one of the windows decreases to zero. Thus the computation of the MTA differs from that for the single-window case given in [5] . Our purpose is to derive an asymptotic approximation to the probability flux through each window for ε, δ 1.
, is the solution of the mixed Neumann-Dirichlet boundary value problem (see for example [17] )
where D is the diffusion coefficient. We set
The fluxes are defined by
To compute the fluxes, we first integrate equation (4) over the domain and we get
We then use the Neumann function, as in [5] , to construct an asymptotic approximation to the solution u(x) of the mixed boundary value problem (4)-(6). We assume, for convenience, that D = 1. The Neumann function N(x, ξ), as defined in [15] , is the solution of the boundary value problem
and is defined up to an additive constant. It has the form
where v S (x, ξ) is a regular harmonic function away from the boundary. For d = 3 it has a logarithmic singularity, which is proportional to the mean curvature of the boundary in the window. More specifically [16, p 247 ], for |x| = |ξ| = R, and (x, ξ) = γ , the logarithmic part of the Neumann function for a sphere of radius R is
Therefore v S (x, ξ) is bounded for 0 < const < γ < π. The constant σ d−1 is the surface area of the unit sphere in R d . To derive an integral representation of the solution, we multiply equation (4) by N(x, ξ) , equation (8) by u(x), integrate with respect to x over , and use Green's formula to obtain the identity
The second integral on the left-hand side of equation (12) is an additive constant, so we obtain the representation
where
is a constant to be determined from the boundary condition (6) and dS x is a surface area element on ∂ a . We choose, respectively, ξ ∈ A and ξ ∈ B, and using the boundary condition (6), we obtain the two equations
As discussed in [5] , the first integral in equation (16) is a regular function of ξ on the boundary. Similar conditions have been derived in [18] , for the case of diffusion though many holes in a plane separating two half-spaces. The system of equation (14)- (15), called the Helmholtz integral equations [19] , cannot be solved explicitly by using the methods presented in [1] [2] [3] [4] 6] . Setting r = |x − 0 A |, (r = |x − 0 B |) for d = 3, we recall that for a single absorbing window A the fluxes calculated in loc. cit. are 
The first eigenvalue for d = 2
First, we estimate integral A N(r, ξ )g A (r) dr in case the two windows are identical (the general case is similar) for a planar problem. We set = ε + + δ and recall that it was shown in [7] that the flux density through a single window of size 2ε is given by (17) , where f (x) is a smooth positive even function for −1 x 1 and f (0) = 1. The computations of [5, 7] show that the solution of the two windows problem (14)- (15) has the form
whereg A andg B are constants and f (x) is a positive smooth function for −1
To estimate the solution of the mixed problem in A and B, we begin with 
N(r, ξ )g A (r) dr
where δ = 2ε 2ε+ < 1 and
Using the inequality
and the bound (see figure 2) 1.281 286 760 
and
where O(1) is a uniformly bounded function of ε and for 0 < ε < 1, 0. If the radii of A and B are ε and δ, respectively, then
uniformly for 0 < ε, δ < 1, > 0. Using (24) and the computations [7] , we get that
where O(1) is a uniformly bounded function for 0 < ε, δ < 1, > 0 and ξ ∈ A ∪ B.
For ε 1 and δ 1 the logarithmic terms in the first lines of (25) and (26) are dominant, but not in the second lines, because the regular part of the Neumann function can be of the same order of magnitude as the leading term.
Using the boundary conditions (14) and estimates (25), (26), we see that to leading order
Equations (18) and (21) give
so the flux condition (7) implies that for d = 2 
The constant C =τ A∪B is the MTA in A ∪ B. Formula (29) reduces to the single-window formula (1) 
which means that the two absorbing arcs do not interact. For example, when the two windows are well separated and if δ = ε, equation (30) gives
whereτ ε is the MTA in a single absorbing arc of length ε is given by (1) . For small formula (29) expresses the nonlinear interference between the two arcs. For example, if two arcs of length 2ε merge, formula gives, as shrinks to zero,
which is identical to expansion (1), which applies to a single absorbing arc of the merged windows, that is, to a single arc of length 4ε. Note that the factor 1/2 in (31) disappears in (32). Brownian simulations for the empirical estimate of the MTA in A ∪ B, as a function of the distance between the windows, give the results shown in figure 3 . The order O(1) term in the expansion (1) of the MTA shifts the curve parallel to the x-axis. Thus for two arcs with ε = 0.03, we get log(1/ε) ≈ 3.6 with the shift 1.3.
The first eigenvalue for d = 3
We consider two co-planar disks A and B centered at 0 A = (0, 0) and 0 B = ( , 0), with radii ε and δ, respectively, and assume, as we may, that δ ε. We write x = 0 A +r(cos θ, sin θ), x = 0 B + r (cos θ , sin θ ) and = ε + + δ, so that |0 A − 0 B | = ε + + δ.
To estimate the solution of the Helmholtz equation (14), (15), we generalize (17) to A and B and write
whereg A andg B are constants and f (α, θ ) is a positive smooth function for 0 α 1, 0 θ < 2π , such that f (0, θ) = 1. Using (10) and (11), we rewrite (33) for x ∈ A, as with weights of the form P (r,r ) √ 1−r 2 , where P (r, r ) is a rational function. We approximate the Fourier series by the first term and since the integral is weakly dependent on r , we approximate it by its value at r = 0. A direct evaluation gives that
Equation (34) is a consequence of the expansion in [6] and the expansion of the Neumann function (10) . For x ∈ B, we scale x = 0 A + εη, x = 0 A + ( + 2ε)u + εξ, where the line between the centers 0 A and 0 B is spanned by the unit vector u, and we write
We obtain
where (η, u) is a linear function of z. Expanding in Fourier series as above, we set ξ = 0 and obtain the approximation
Note that α depends weakly on ε and is evaluated below. Similar analysis of the integral over B gives
where β andβ are analogous to α andα, respectively. As A and B shrink the constant C diverges while N(x, x ) dx stays bounded. Therefore we can approximate equations (14) by
Thus, setting R = α/α = β/β, we write (39) as
To determine the value of the constant C, we use the flux integrals
Using the flux condition (7) for two holes of radii ε and δ, we obtain When the distance between the centers 0 A and 0 B is = ε + + δ, (10) and (11) give
where ρ = min 1, |ε + + δ| log 
For a fixed D, the parameter r depends on , δ and ε so we writer =r( , ε, δ). If is large, then f (r, θ ) = const, so lim →∞r ( , ε, δ) = 1. For δ, ε, → 0, we determine the value ofr(0, ε, δ) by fitting to numerical simulations of Brownian motion in a sphere with two tangent circular holes.
To test the range of validity of formula (40), we ran Brownian simulations in a threedimensional ball of radius R = 2, containing two small absorbing caps of radius a = 0.3 on the boundary. In figure 4 , we plot the MTA as a function of the distance between holes. For fixed ε and δ, we use a first-order Padé approximation to fit r as a function of , r( , ε, δ) = a 1 1 + + a 2 1 1 + .
Scaling G j = πε jgj /C, we write the symmetric matrix of the system (48) (with 1/2 on the diagonal) as
